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We consider a non-associative generalization of supersymmetry based on three-point associators 
like [Qx,Qy,Qz] for Qa,d supersymmetric generators. Such associators are connected with the 
products of Qa,d and We: (a) calculate Jacobiators and show that the Jacobiators can be zero 
with some choice of corresponding coefficients in associators; (b) perform dimensional analysis for the 
coefficients in associators; (d) calculate some commutators involving coordinates and momentums; 
(e) estimate the weakness of non-associativity. 
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I. INTRODUCTION 

Whether non-associativity could play a fundamental role in the formulation of physics is a question that has been 
raised from time to time. In Ref. [iplll the authors develop and investigate the quantization techniques for describing 
the nonassociative geometry probed by closed strings. In Ref. Q non-associative structures have appeared in the 
study of D-branes in curved backgrounds are investigated. 

In Ref.0 we have discussed a possible generalization of supersymmetry with associator having four factors. Here 
we want to discuss a possible generalization of supersymmetry with associators having three factors (three-point 
associator). We will assume that such associators are connected with coordinates. 


II. ASSOCIATIVE SUPERSYMMETRIC PRELIMINARIES 


In this section we would like to remember basic properties of the simplest supersymmetry algebra (see, for example, 
textbook i). The most important for us is the anticommutator for Qa,Qd supersymmetry generators 


{Qa, Qii} — QaQa + QaQa — 


( 1 ) 


and all other commutators and anticommutators are zero 


i_Qai Qb} 

= {Qa,Qi,}=0, 

( 2 ) 

[Qa,Pn] 

= [Qd,P^] = 0, 

( 3 ) 

[Pn^P.] 

= 0, 

( 4 ) 


here = —id^^ is the momentum operator; p = 0,1, 2, 3; a = 1, 2; d = 1, 2. Pauli matrices tT““ are defined in the 
standard way 


<a = 


a 


ad 



with orthogonality relations for Pauli matrixes 


bb 




( 5 ) 

( 6 ) 

( 7 ) 


Following the idea of Ref. Q, we want to show that one can generalize supersymmetry in such a way that the 
supergenerators Qa,Qd will become non-associative ones. 
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III. THREE-POINT NON-ASSOCIATIVE GENERALIZATION OF THE SUPERSYMMETRY 

ALGEBRA 


In Ref. 0 we have shown that it is possible to extend supersymmetry in such way that the generators Qa,Qa 
become non-associative ones. It was done by introducing a four-point associator in the following way 


[Oa, Qd, (QbQi)] = + aieabeai,^ + (^ad^li,a2Pt,Pi. + cr; 


ab 




, (8) 


where is some characteristic length; 02 , 3,4 are complex numbers; = [o’^, 

and Cab, are the antisymmetric symbols; the coefficient h/i"^ has been chosen so that the right- and left-hand sides 
of ([ 8 ]) have the same dimensions Q- 

Let us remember the definition of associator 


[A,B,C] = {AB)C - A{BC). 


(9) 


Now we want to demonstrate that it is possible to introduce the generalization of supersymmetry other than ([5]) based 
on a three-point associator. Let us define the following three-point associators: 


[Qa: Qa: Qb] — Cl^adQb C^^bdQa C^Qa^bd: (i^O) 

{QaiQd:Qb] — Cd^adQb CbQa^bd: 

[Qaj Qbi Qd] — CoQa^bd “t“ C^Qb^ad “t“ Cs^adQb: 

[QajQdjQj)] — ^l^adQjj~^^2X^ijQd~^^3QdXg^ij, ( 18 ) 

\QdjQaiQi,] — ^4XadQjj~^^5QdX^ij, (14) 

[Qa; f^a] — ^^Qd^o^if ^T^adQif ^sQjj^adj ( 18 ) 

[Qa,Qb,Qc] = [Qd,Qi,,Qc\ = 0 (16) 

where a ^ b; a ^ b; operators Xad,x^ are connected with the relation 

^ad — ^fiad^^' ( 1 ^) 


We think that 


IC.I 


either 0 , for some i 

or C, for other values i. 


(18) 


A. Dimensional analysis 

The simple dimensional analysis of equations (HD, (0 - (nsi) shows that the dimensions of Q and are 

[C*] = Kd = fu=l,2,...,8. (19) 

Again, as in Ref. Q , we think that the relations dUD-dSD should be quantum ones and consequently have to contain 
the Planck constant: 

Ci) (20) 

where io is some characteristic length, for example it can be done as = A where A is the cosmological constant. 

B. Jacobiators 

In this subsection we would like to calculate Jacobiator 


J {x, y, z) = [[x, y],z] + [[y, z],x] + [[z, x],y] = [x, y, z] -f [y, z, x] -f [z, x, y] - [x, z, y] - [y, x, z] - [z, y, x] ( 21 ) 
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where x,y,z are Qa,a- Let us calculate Jacobiators 

{Qa: Qd: Qb) — J{Qai Qb: Qd) — J(^Qd^ Qa:Qb^ — 

(Cl Cs C 2 C 4 ) {XadQb XbaQa) “t (Cs “t“ Cg Cs Ct) (QaXbd QbXad^ j 

J{QdT Qaj Qjj) — J{Qaj Qdj Qh) — J{Qdj Qi,j Qa) — 

(Cg “b Cs Cs Cs) (Qa^ai) QjfXad} + (^4 “b C 2 Cl C?) (^^abQ^ XadQ^) ■ 

We see that the Jacobiators are zero either by 


( 22 ) 

(23) 


or by 


Probably the simplest case is 


It means that 


o' 

II 

1 

1 

+ 

(24) 

o"' 

II 

1 

J ^ 

1 

+ 

(25) 

^6 + 6 - ^5 - ^8 = 0, 

(26) 

^4 + ^2 — f 1 — ?7 = 0 

(27) 

^aaQb ^bdQa — O 5 

(28) 

Qa^bd Qb^ad — O 5 

(29) 

^^^ab Qi)^ad — O 5 

(30) 

^ab^^ ^adQif — 0- 

(31) 

cT 

II 

II 

II 

II 

(32) 

= Ca = Ct = Cs = 0 , 

(33) 

= IC4| = IC5| = ICgI = ICiI = IC4| = IC5| = ICgI = |. 

(34) 

Ci — — Co 

Iq 

(35) 

In this case the associators - (fT6|) are 


[QdiQatQb] — Co~^^adQbf 

(36) 

[Qa; Qd: Qb\ — Co~^ {XadQb Qa^bdt ) 

(37) 

\_Qa'> Qb'i Qd^ — Co~^Qa^bd^ 

^0 

(38) 

\_Qa^Qd')Qi,'\ — Co~^^adQf)^ 

(39) 

\_Qd-! Qai Qi)\ ~ Co^ i^^adQij ; 

(40) 

[Qa;Q^;Qa] Co^Qd^fj^jj') 

(41) 

[Qa.Qb.Qc] = [Qd,Q^,Qc] =0 

(42) 


C. Commutator [x^,Pij\ in a non-associative form 

Let us do the following transformations with 3-points associators (l36)l . ([39]), (1381) and gu 


[Qdj Qaj Qb] Qj) \Qa-! Qdj Qjj\ Qb Qi, [Qbi QQd] Qb [Qf,) Qd^Qal — Co '^hU^ad P/j] • 

*0 


( 43 ) 
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We can use this expression for the estimation of weakness of non-associativity. Let us introduce dimensionless 
quantities 


Va,o — ^ 5 *^ — j tP — ^ 

VO ^Pl VO 


(44) 


where Qo = ^Jh(? jG. Then has the form 


QQQf) Qb Q 


Qbi Qa-) Qo 


— Qb 


Qb’> Q^"! Qc 


11 


_ /■ PI 

/^2 ^bb^ad 
^0 


oT. cr;.^ la:i/,P/i] 


(45) 


where Ipi = is the Planck length. If we us choose ^ = A (A is the cosmological constant) then the coefficient 

l^i/io on the RHS of (HSl) is « 10“^^°. If [x^,pfj] ^ I then (HSl) shows that the non-associative expression on the LHS 
of (|4^ is extremely small Ri 10“^^°. 

The relation (H5)) can be inverted 


1 f 2 

^ 1 _ __^0 _66_aa 

" 4Co h ^ " 


{ [Qai Qa^ Qb\ [QajQajQj)] Qb Q b Qa:Qd\ Qb J Qb: f?a] } 


(46) 


D. A weak version of coordinates non-commutativity 

In this subsection we calculate the anticommutator 

n? 

{ \Qa: Qa:Qc\ : \Qb: Qf)j Qd] } “ Co "pi [i^aaQc) i^bbQd^ (.^biiQd) i^aaQc)] 


(47) 


Let us assume that the operators Xad, are in an associative subalgebra of an non-associative algebra of Qa,d- Then we 
can omit the brackets on the RHS of gZ]). Introducing the commutator 


we obtain 




[^ 67 ^ 007 ] — Q^fe,aa7 


{[Qd7 Qa^ Qc] 7 [Q&5 Qb^ Qdi\ } — ^ad^bbQ^^Q^ ^bb^^^Q^Q^ biiQb + ^bb^b ,adQc 


Using the anticommutator we will have 


QcQd — *2 t 2 ^ ’ Qai Qc] 7 Qb: Qd\ } ^adO^^ bbQ^ ^bb^^^^^Q 

SO^ 


(48) 

(49) 

(50) 


Using the definition dm and the inverse relations ©, we will obtain a weak version of non-commutativity for 
coordinates 


where the matrix 9^^ is defined as 


ca ^ 




[x^:X''] QcQd = idcd^ 


d {Qy: Qa: Qd\ : \Qz : Qb: Qb\ } ^adb^c bbQb ^bb^b^adQc 


(51) 


(52) 


The relation (1511) have to be compared with the standard definition of non-commutativity of spacetime that can be 
encoded in the commutator of operators corresponding to spacetime coordinates 


[x>^,x'^]=i9^'', 


(53) 


where 9^'^ is an antisymmetric matrix. We see that the relation (I^Tl) looks like a weak version of commutator for 
non-commutative coordinates in the consequence of the prefactor QcQd hr front of the commutator [x^^x'^\. 

One can rewrite (1471) in dimensionless form 


Qd: Qa: Qc 


Qi,)Qb7Qdj ^ “ Co (jiadQc^ (^^bbQb^ i^bbQ<^ 


Similarly to the previous subsection IIII Cl we see that the RHS of (IMl) is extremely small rs 10 


(54) 
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IV. DISCUSSION AND CONCLUSIONS 

Thus, here we have suggested a non-associative generalization of supersymmetry with three-point associators. We 
have shown that it is possible to choice the associators in such way that non-associative generators will satisfy to 
Jacobi identity. We have calculated the commutators [x^,p^] and [x^,x^]. One question in this approach: is the 
operator x^ from relations (1121) and m the same or similar to quantized spacetime coordinates a la Snyder Q and 
non-commutative geometry |9| ? If yes, then such non-associative generalization of supersymmetry in some weak sense 
leads to an interesting connection with non-commutativity of coordinates. The dimensional analysis of parameter Iq 
is done. The analysis gives rise to the conclusion that £o have to be connected with some characteristic length. For 
example, it can be the cosmological constant A“^. In this case the manifestation of non-associativity is extremely 
small 
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